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Quadratic recasts of Differential Equations

Example 1 : basic, simplified forced pendulum

Main equation (ξ,M, k, F are fixed) :

θ̈ + ξθ̇ + (θ −
θ3

6
) + k(θ −

π

M
) = F cos(λt)

Definition of the auxiliary variables :

ψ =

Quadratic recast of the main equations :

R1 :=

Quadratic equations defining the auxiliary variables :

Raux1 :=

Total vector of unknowns and vector of equations :

Uf = [θ ψ λ]T

Rf = [R1 Raux1]
T

Forcing(t) = [ ]T
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Example 2 : basic, simplified forced pendulum

Main equation (ξ,M, k, ω are fixed) :

θ̈ + ξθ̇ + (θ −
θ3

6
) + k(θ −

π

M
) = λ cos(ωt)

Definition of the auxiliary variables :

ψ =

Quadratic recast of the main equations :

R1 :=

Quadratic equations defining the auxiliary variables :

Raux1 :=

Total vector of unknowns and vector of equations :

Uf = [θ ψ λ]T

Rf = [R1 Raux1]
T

Forcing(t) = [ ]T
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Example 3 : basic, pendulum

Main equations (k,M are fixed) :

r(θ̈, θ̇, θ, λ) := θ̈ + sin(θ) + k(θ −
π

M
) = 0

Add the unfolding term :

r(θ̈, θ̇, θ, λ) := θ̈ + λθ̇ + sin(θ) + k(θ −
π

M
) = 0

Definition of the auxiliary variables :

Quadratic recast of the main equations :

R1 :=

Equations defining the auxiliary variables, with the (quadratic) differen-
tial form for the transcendental definitions :

Raux1 := dRaux1 :=

Raux2 := dRaux2 :=

Total vector of unknowns and vector of equations :

Uf = [ ]T

Rf = [R1 Raux1 Raux2]
T

dRf = [0 dRaux1 dRaux2]
T

Forcing(t) = [0 0 0]T
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Example 4 : your favorite

Main equations :

Definition of the auxiliary variables :

Recast of the main equations (with isolated forcing term) :

Equations defining the auxiliary variables, with the (quadratic) differen-
tial form for the transcendental definitions :

Total vector of unknowns and vector of equations with the forcing isola-
ted :

Uf = [ ]T

Rf = [ ]T

dRaux = [ ]T

Forcing(t) = [ ]T
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ODE example for Equilibrium, Periodic Solutions

and stability

Example 5 : Van der Pol

Second order differential equation of a Van der Pol oscillator :

ẍ+ ξẋ− λ(1− x2)ẋ+ x = 0

Main equations written on the form r(z) := f(z)− ż = 0 :

Definition of the auxiliary variables :

za1 =

za2 =

Quadratic recast of the main equations :

R1 =

R2 =

Quadratic equations defining the auxiliary variables :

Raux1 =

Raux2 =

Total vector of unknowns and vector of equations :

Uf = [ λ]T

Rf = [R1 R2 Raux1 Raux2]
T

Forcing(t) = [0 0 0 0]T
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Example 6 : Forced pendulum

Second order differential equation of a forced pendulum :

θ̈ + ξθ̇ + sin(θ) = F cos(λt)

Main equations written on the form r(z, t) := f(z)− ż = Forcing(t) :

Definition of the auxiliary variables :

Quadratic recast of the main equations :

Equations defining the auxiliary variables, with the (quadratic) differen-
tial form for the transcendental definitions :

Total vector of unknowns and vector of equations with the forcing isola-
ted :

Uf = [ ]T

Rf = [ ]T

dRaux = [ ]T

Forcing(t) = [ ]T
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